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A classic game

A guessing jar: How many marbles? 223!

1. What’s the largest number of marbles that can fit in the container?
2. Given 223 marbles, what’s the smallest container holding them all?

We need to simplify the problem...
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What’s the smallest square we can fit 4 squares inside of?

Side length: 2
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Packing Problems: Square Packing

What’s the smallest square we can fit 9 squares inside of?

Side length: 3



Packing
Problems &

Number
Theory

Clyde
Kertzer

Packing Problems: Square Packing

What’s the smallest square we can fit 9 squares inside of?

Side length: 3
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Square Packing

What about 5 squares?

Side length: ≈ 2.707 . . . = 2 +
√

2/2

Can we use this packing to find the optimal packing of 10 squares?
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Side length: ≈ 3.707 . . . = 3 +
√
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What about 11 squares?

Side length: ≈ 3.877 . . .

Is this the best possible packing? Mathematicians still don’t know...
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Circle Packing

Try it yourself: Can you find an arrangement of 4 circles such that each one is
tangent to the other?
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What if the circles aren’t all the same size...
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Definition
A set of four mutually tangent circles is called a Descartes Quadruple
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0

r = 1
r = 1

2 r = 1
3

Curvature: 1

Curvature: 2

Curvature: 3
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Definition
The curvature of a circle with radius r is defined to be 1/r .

Circle with infinite radius (Curvature 0)

Descartes Equation
If four mutually tangent circles have curvatures a, b, c, d then

(a + b + c + d)2 = 2(a2 + b2 + c2 + d2).
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Corollary
If three mutually tangent circles have curvatures a, b, and c, then the two
circles of Apollonius, d and d ′ have curvatures

d = a + b + c + 2
√

ab + ac + bc

d ′ = a + b + c − 2
√

ab + ac + bc

The Key Relation
d + d ′ = 2(a + b + c) =⇒ d ′ = 2(a + b + c) − d
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The Descartes Equation

Proof.
First, we solve for d from the Descartes Equation to find that

2
(
a2 + b2 + c2 + d2) − (a + b + c + d)2 = 0

d2 − 2d(a + b + c) +
(
a2 + b2 + c2 − 2ab − 2bc − 2ac

)
= 0.

The quadratic formula gives
d = (a + b + c)

±
√

4(a + b + c)2 − 4 (a2 + b2 + c2 − 2ab − 2bc − 2ac)
2

= a + b + c ± 2
√

ab + bc + ca.

Thus, there are two options for d . Their sum is 2(a + b + c).
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Definition
A positive integer a has a packing if there exists a primitive reduced Descartes
quadruple [−a, b, c, d ].
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quadruple [−a, b, c, d ].
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Definition
A positive integer a has a packing if there exists a primitive reduced Descartes
quadruple [−a, b, c, d ].
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Definition
A positive integer a has a packing if there exists a primitive reduced Descartes
quadruple [−a, b, c, d ].
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Definition
A sum-symmetric quadruple is a primitive reduced Descartes quadruple
satisfying 2(a + b + c) − d = d .

2(a + b + c) − d = d =⇒ 2(a + b + c) = 2d =⇒ a + b + c = d
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Definition
A sum-symmetric quadruple is a primitive reduced Descartes quadruple
satisfying 2(a + b + c) − d = d .

2(a + b + c) − d = d =⇒ 2(a + b + c) = 2d =⇒ a + b + c = d



Packing
Problems &

Number
Theory

Clyde
Kertzer

Symmetric Packings

4
12

13
61

168

325

532

789

1096

1453

1860

2317

1728

1725

1000

2037

997

2029

472

1245

2380

924

1524

2272

1389

469

1237

2365

916
1509

2248

1384

144

261

832

1717

2068

412

597

2040

816

1069

1356

1677

2032

2013

1368

1341

8051645

1996

432
1117

2116

868

1452

2184

1261

405

1045

1981

1216

796

2349

13171968

141253
808

1669

2392

2005

784
1605

2352

1941

397573
1960

1936

78110211293159719332301

1320

1296

42410932068

1240

853

1428

2149

400
10291948

1200

789
2325 1308

1957

40

133

276

469

712

1005

1348

1741

2184

2376

2373

1504

1501

832

2109

1680

829

2101

1672

360
693

2092

1132
1677 2328

2173

972

1876

1053
2092

357

685

2068

2152

1117

1653

2293

964

1861

1048 2085

88
285 732 1381 2232

1972

2197

588

997

1512

2133

1732

1813

813

1597

23322188

156
517

1080
1845

1284 2389

1509 244
829

20161752

352
1221 480

1693 628
2245 796

984
1192

1420

1668

19362224

2197

1645

1173

781

2365

1888

1624

469

1429

952
1605

1156 2149

237

733 20761932

1485

604

1861

1588

1141 1848

460

1477

1348

757 2388

1128

1573209285

277
708

1333

2152

2128

1909

792
1557

2268

2133

573

973

1477

2085

1684

1768

148

493

1032

1765

1440

12212269

448

1365

912 1540 2332

11012044229

7811896

2304

1653

328

1141

1096 2316445

1573

580

2077

2032733904109313001525176820292308

1528

736

2229

1776

1533

232

717

2028

1452

1893

588

1813

1108
1792

1549

453

1453

1324

748
2356

1117 1560 2077

1669
192

373

612

909

1264

1677

2148

1980

1989

11402317

1149

2341532
1405

10361704

1573

541
1429

1060

1749

1588

156
277

888 18372200432
621 2128

844
1101

139217172076

2101

1440

1413

861

1765

2128

472
12132292 952 1596

1381

44511412157

1336

880

1461

2188

165

301

960

1981

2389

9241885

2293

477

693

2368

2332

949

1245

1581

1957

2373

1584

1548

496

1285

1444

997

1668

460

1189

2256

1384901
14882221

48
157

324

549

832

1173

1572

2029

1756

1765

972

1960

981 1984

420

805

1312

1941

1132

2184

1237

429 829 1357 2013

1156

2229

1252

100

325

828

1557

2232

672

1141

1732

1972

2077

933 1837

172

573

1200

2053

1416

1677

264

901
2184

1908

376

1309

508

1797

660

2365

832

1024

1236

1468

1720

1992

2284

2317

1749

1261

853

2056

1780

525
1597 1072

1813

1288

2389

277
853

22561725

700

2157

1848

1317

2128

544
1741

1588

901

1348

1885

109
349

900

1701

996

1957

71712131837

2116

2212

19664513442293

1884

1605

588

1789

1192

2008

1453

30910452205

4481549

1492

6132157

804

1021

1264

1533

1828

2149

2100

988

2392

2053

292

901

1824

2373 748
2301

1416

2296

1965

565

1813

1660

928

1381

1924

21
85

240
469

772
1149 1600 2125

1444

1429

676 1789

1324

2184

1981

661 174912842109

1956

204

373
1192

592

861

1180

1549

1968

19681917

1141

2325

616

1597

1240

2076

1789565

1461

1704

1104

1821

189
333 1072 2221

1036

2125

517

741

1005

1309

1653

2037

1728

1692

576
1477

1684

1165 1956

540
1381 1624

1069

1776

64
205

420
709

107215092020

2284

2269

1276

1261

564

1093

1792

1516

1645

549

1053

1717

1476

1620

148469

1212

2293

9601621

1341

268
877

1824

2184

424
1429

616
2125

844

1108

1408

1744

2116

2053

1357

805

1632

1992

397
1221

1020

1933

768

2260

1261

1876

133
429

1092

2053

1236

885

1501

2277

228

757

1584

2220

1869

7002125

1432

1717

349

1189

496

1725 1668

669

2365

868

1093

1344

1621

1924

2253

2308

1132

2365

37211412304

940

1768

7332341

2140

1216

1821

28
109 312 613 1012 1509 2104

1864

1885

856 2269

1660

877 2325

1716

240

421
1360

652

933

1264

1645

2076

2184

2133

1309

736

1885

1492

2149

685
1749

2064

1356

2253

261

477
1528

1456

757

1101

1509

1981

792

2053

2296 1597

720

1861

2176

1405

2316

8827756494914322013

1696

1717

744
1429

2332

1996

2197

765

1485

2052

2232

184
589

1500

1212
2053 1701

316
1045

2184

484
1645

688
2389

928

1204

1516

1864

2248

2317

1573

973

1992

2388

5171581

1308

1020

1693

205
645

1668

18481317

2221

372
1213 1120

2272

589
1981

856

1173

1540

1957

1888

5521693

1420

1069

1756

37
141

408
805

1332 1989

1144

2236

1117

2164

336

613 1968

972

1413

1936

1869

1024 2068

925

2389

1804

309

541
1752

1680

837

1197

1621

2109

952
1933

880

2245

1741

120
373

75612691912

2304

2277

1032

2005

1005
1933

280
877

2268

1788

508
1653

804

1168

1600

2100

1533

7572317

1948

1468

253805
2052

2328

1653

436
1437

1344

669
2269

952

1285

1668

2101

2176

712
2173 1804

1405

2332

48
181

528
1045

1732

1444

1477

396

693

2248

1072

1533

2076

2149

12241125

2224

429

781

2380

1237

1797

1312

1180

2301

160
493

996
1669

1332

1365

34010772208

5881933

904

1288

1740

2260

1813

957

1888

373
1165

2373

676
2197

2044

1069

1552

2125

1012

1965

61
229

672
1333

2212

1876

1837

540

981

1552

2253

1656

1485

501

877

1357

1941

15521420

208
637

1284

2149

1764

1725

484
1509

876

1384

2008

1317

4451405

772

2380

1189

1696

2293

1252

76
285

840

1669

2296

2341

624

1093

1692

1936

1765

669

1213

1917

2056

1840

264
805

1620

2184

2229

568
1789 988

1524

2176

1597

613

1909

1108

1749

1672

93
349

1032

2053

816
1477

2332

2245

765

1341

2077

2376

2160

328
997

2004

760

2365

1372

2164

2077

709
2229 1236 1909

1992

112

421

1248

924

1621

981
1773

400
1213

868 1516 2344

925

1668

133

501

1488

1164
2101

1101

1933

480
1453

1108

1996

1045 1828

156

589

1752

1296

2277

1365

568
1717

1240 2172

1309

2356

181

685

2040

1584

1509

664
2005

1528

1453

208
789

2352

1740

1821

768
2317

1684

1765

237
9012076

1989

880

2020

1933

268
1021

2256

2349

1000 2200

2293301
1149

1128

336
1285

1264373
1429

1408412
1581

1560453
1741

1720496
1909

1888541
2085

2064588
2269

2248637
688

741
796

85391297310361101116812371308138114561533161216931776186119482037212822212316

13
61

168

325

532

789

1096

1453

1860

2317

1728

1725

1000

2037

997

2029

472

1245

2380

924

1524

2272

1389

469

1237

2365

916
1509

2248

1384

144

261

832

1717

2068

412

597

2040

816

1069

1356

1677

2032

2013

1368

1341

805 1645

1996

432
1117

2116

868

1452

2184

1261

405

1045

1981

1216

796

2349

1317 1968

141 253
808

1669

2392

2005

784
1605

2352

1941

397 573
1960

1936

781 1021 1293 1597 1933 2301

1320

1296

424 1093 2068

1240

853

1428

2149

400
1029 1948

1200

789
23251308

1957

40

133

276

469

712

1005

1348

1741

2184

2376

2373

1504

1501

832

2109

1680

829

2101

1672

360
693

2092

1132
16772328

2173

972

1876

1053
2092

357

685

2068

2152

1117

1653

2293

964

1861

10482085

88
28573213812232

1972

2197

588

997

1512

2133

1732

1813

813

1597

2332 2188

156
517

1080
1845

12842389

1509244
829

2016 1752

352
1221480

1693628
2245796

984
1192

1420

1668

19362224

2197

1645

1173

781

2365

1888

1624

469

1429

952
1605

11562149

237

7332076 1932

1485

604

1861

1588

11411848

460

1477

1348

7572388

1128

1573 2092 85

277
708

1333

2152

2128

1909

792
1557

2268

2133

573

973

1477

2085

1684

1768

148

493

1032

1765

1440

1221 2269

448

1365

91215402332

1101 2044 229

781 1896

2304

1653

328

1141

10962316 445

1573

580

2077

2032 733 904 1093 1300 1525 1768 2029 2308

1528

736

2229

1776

1533

232

717

2028

1452

1893

588

1813

1108
1792

1549

453

1453

1324

748
2356

111715602077

16 69
192

373

612

909

1264

1677

2148

1980

1989

1140 2317

1149

2341 532
1405

1036 1704

1573

541
1429

1060

1749

1588

156
277

8881837 2200 432
6212128

844
1101

1392 1717 2076

2101

1440

1413

861

1765

2128

472
1213 22929521596

1381

445 1141 2157

1336

880

1461

2188

165

301

960

1981

2389

924 1885

2293

477

693

2368

2332

949

1245

1581

1957

2373

1584

1548

496

1285

1444

997

1668

460

1189

2256

1384 901
14882221

48
157

324

549

832

1173

1572

2029

1756

1765

972

1960

9811984

420

805

1312

1941

1132

2184

1237

42982913572013

1156

2229

1252

100

325

828

1557

2232

672

1141

1732

1972

2077

9331837

172

573

1200

2053

1416

1677

264

901
2184

1908

376

1309

508

1797

660

2365

832

1024

1236

1468

1720

1992

2284

2317

1749

1261

853

2056

1780

525
15971072

1813

1288

2389

277
853

2256 1725

700

2157

1848

1317

2128

544
1741

1588

901

1348

1885

109
349

900

1701

996

1957

717 1213 1837

2116

2212

196 645 1344 2293

1884

1605

588

1789

1192

2008

1453

309 1045 2205

448 1549

1492

613 2157

804

1021

1264

1533

1828

2149

2100

988

2392

2053

292

901

1824

2373748
2301

1416

2296

1965

565

1813

1660

928

1381

1924

21
85

240
469

772
114916002125

1444

1429

6761789

1324

2184

1981

6611749 1284 2109

1956

204

373
1192

592

861

1180

1549

1968

1968 1917

1141

2325

616

1597

1240

2076

1789 565

1461

1704

1104

1821

189
33310722221

1036

2125

517

741

1005

1309

1653

2037

1728

1692

576
1477

1684

11651956

540
13811624

1069

1776

64
205

420
709

1072 1509 2020

2284

2269

1276

1261

564

1093

1792

1516

1645

549

1053

1717

1476

1620

148 469

1212

2293

960 1621

1341

268
877

1824

2184

424
1429

616
2125

844

1108

1408

1744

2116

2053

1357

805

1632

1992

397
1221

1020

1933

768

2260

1261

1876

133
429

1092

2053

1236

885

1501

2277

228

757

1584

2220

1869

700 2125

1432

1717

349

1189

496

17251668

669

2365

868

1093

1344

1621

1924

2253

2308

1132

2365

372 1141 2304

940

1768

733 2341

2140

1216

1821

28
109312613101215092104

1864

1885

8562269

1660

8772325

1716

240

421
1360

652

933

1264

1645

2076

2184

2133

1309

736

1885

1492

2149

685
1749

2064

1356

2253

261

477
1528

1456

757

1101

1509

1981

792

2053

22961597

720

1861

2176

1405

2316

88 277 564 949 1432 2013

1696

1717

744
1429

2332

1996

2197

765

1485

2052

2232

184
589

1500

1212
20531701

316
1045

2184

484
1645

688
2389

928

1204

1516

1864

2248

2317

1573

973

1992

2388

517 1581

1308

1020

1693

205
645

1668

1848 1317

2221

372
12131120

2272

589
1981

856

1173

1540

1957

1888

552 1693

1420

1069

1756

37
141

408
805

13321989

1144

2236

1117

2164

336

6131968

972

1413

1936

1869

10242068

925

2389

1804

309

541
1752

1680

837

1197

1621

2109

952
1933

880

2245

1741

120
373

756 1269 1912

2304

2277

1032

2005

1005
1933

280
877

2268

1788

508
1653

804

1168

1600

2100

1533

757 2317

1948

1468

253 805
2052

2328

1653

436
1437

1344

669
2269

952

1285

1668

2101

2176

712
21731804

1405

2332

48
181

528
1045

1732

1444

1477

396

693

2248

1072

1533

2076

2149

1224 1125

2224

429

781

2380

1237

1797

1312

1180

2301

160
493

996
1669

1332

1365

340 1077 2208

588 1933

904

1288

1740

2260

1813

957

1888

373
1165

2373

676
2197

2044

1069

1552

2125

1012

1965

61
229

672
1333

2212

1876

1837

540

981

1552

2253

1656

1485

501

877

1357

1941

1552 1420

208
637

1284

2149

1764

1725

484
1509

876

1384

2008

1317

445 1405

772

2380

1189

1696

2293

1252

76
285

840

1669

2296

2341

624

1093

1692

1936

1765

669

1213

1917

2056

1840

264
805

1620

2184

2229

568
1789988

1524

2176

1597

613

1909

1108

1749

1672

93
349

1032

2053

816
1477

2332

2245

765

1341

2077

2376

2160

328
997

2004

760

2365

1372

2164

2077

709
222912361909

1992

112

421

1248

924

1621

981
1773

400
1213

86815162344

925

1668

133

501

1488

1164
2101

1101

1933

480
1453

1108

1996

10451828

156

589

1752

1296

2277

1365

568
1717

12402172

1309

2356

181

685

2040

1584

1509

664
2005

1528

1453

208
789

2352

1740

1821

768
2317

1684

1765

237
901 2076

1989

880

2020

1933

268
1021

2256

2349

10002200

2293 301
1149

1128

336
1285

1264 373
1429

1408 412
1581

1560 453
1741

1720 496
1909

1888 541
2085

2064 588
2269

2248 637
688

741
796

853 912 973 1036 1101 1168 1237 1308 1381 1456 1533 1612 1693 1776 1861 1948 2037 2128 2221 2316

[−3, 4, 12, 13]

5
20 21

96
269

524

861

1280

1781

2364

2792

2789

1608

1605

752

1988

1469

2420

2213

749

1980

1461

2405

2208

224
404

1293

2672

636
920

1256

1644

2084 2576

2117

2069

12452544

677
1748

1364

2285

1973

629

1620

1893

12362045

221396
1269

2624

1224

2504

6218961221159620212496

2069

2024

6691724

1952

1349

2261

624
1604

1877

1229
2036

69

224

461

780

1181

1664

2229

2876

2504

2501

1392

28131389

2805

608
1172

19162840

1637

1781

605

1164

1901

2816

1629

1776

152

488 1253 2364

1004

1700

2576

2957

1397

2748

269

888
1853

2204

2597

420
1424

605
2096

824
2904 1077

1364
1685 2040 2429 2852

2829

2021

1349

2808

813

2472

1653

2789

2004

413

1272

2573

1053

2772

1989

804

2576

2357

1325
19762757149

480
1229

2316 1376

2708

989

1676

2541

2909

261

864

1805

2528

2141

792

2408

1613 2724

1949405

1376

2909

581

2016

1944789

2784

102913011605194123092709

2712

1304 2717

408

1256

2540

1037
1956 2733

797

2552

2333

1316 1965 2744

24104
293

572

941

1400

1949

2588

1748

1757

812
2148

15812600

2397

821
2172

1605

2645

2412

236
420

1349 2792

656
9441284167621202616

2189

2141

1301

2664

7171844

1448
2429

2093

6691716

2013

1320

2189

245

444

1421

2936

13642784

701

1016

1389

1820

2309

2856

2333

2276

741

1916

2156

1493

2501

684

1764

2061

13412216

77

248

509

860

1301

1832

2453

2756

2765

1532

1541

668

1284

2096

1797

1965

677 1308 2141

1821

1980

164

528
1349

2540

1088

1844

2796

1517 2988

285

944

1973

2336 2765

440

1496

629

2184

852

1109

1400

1725

2084

24772904

2933

2109

1421 2964

869

2640

1773 2997

2136

453

1392

2813

1149

2165

888
2840

2597

1469

2196

173
552

1421
2684

1580

1133
19162901

309
10162117

2972

2525

932

2832

1893

2301

4851640

7012424

2340

957

1253

1589

1965

2381

2837

1556

468

1440

2912

1197

2264

909

2912

2669

1496

2229

29
120

341
668

1101

1640

2285

2052

2037

956
2532

1869

2805

941
2492

1829

2780

284

516
1653

816

1184

1620

2124

2696

2717

2645

1581

861

2228

1736

2909

2501

789

2036

2381

1544

2549

269
476 1533

1476

741
1064

1445

1884

2381

2936

2477

2420

821
2108

2396

1661 2789

764
1956

2301

1509

2504

93
296

605
1020

1541

2168

2901

1836

1821

812
1572 25762181

2373

797

1532

2501

2141 2348

212672

1733

13762324

1925

38112482597

6002024

8693000

1188

1557

1976

2445

2964

2901

1925

1149

2333

2840

573
1760 1469

2781

1112

1829

2724

197

632

1613

1820

1301

2204

341

1128

2357

2789

1044

2133

2565

525

1784

749

2600

2516

1013

1317

1661

2045

2469

2933

1700

548
1680

1389

2616

1077

1784

2669

36
144

413
812 1341 2000 27892472

2493

1136
2205

1157

2261

320

564 1821

876

1256

1704

2220

2804

2933

2861

1749

981
2516

1988

2861

909
2324 2741

1796

2981

341

620
19891896

981

1424

1949

2556

1037

2684

2093944

2436

2853

1845

117
368

749
126019012672

2256

2277

992

1908

2661

2925

1013

1964

2717

2960

248
792

2021

1628

2756

2285

429

1416

2957

660

2240

941

1272

1653

2084

2565

2141

1317

2693

6932120

1757

1364

2261

269848

2189

2432

17332924

485
1584

1464

2973

765
2576

1109

1517

1989

2525

2456

728
2232

1869

1413

2324

45
176 509 1004 1661 2480

1424

2781

1397

2709

416

756
2429

1196

1736

2376

2309

1269
2564

1149

2964

2244

389

684
2213

2120

1061

1520

2061

2684

1197
2429

1104

2820

2181

14946494115802381

2864

2837

1280

2484

1253

2412

344
1080

2789

2204

621
2024

980

1421

1944

2549

1877

9332856

2397

1812

2981

317
1008

2573

29122069

549
1808

1688

845
2864

1205

1629

2117

2669

2744

8882712

2253

1749

2900

56
216 629

1244 2061

1724

1757

476

836
2709

1296

1856

2516

2589

1469

2984

1349

2664

509

924 2973

2820

1461

2120

2901

1557

1404

2741

189
584118119802981

1580

1613

40412802624

701
2304

1080

1541

2084

2709

2157

1133

2877

2232

437
1368

2789

789
2568 2388

1245

1805

2469

1188

2309

69
264

773
1532 25412156

2117

620

1124

1776

2576

1901

1709

581

1020

1581

2264

1797

1644

237
728

14692460

2012

1973

548
1712

989

1560

2261

2997

1493

2904

5091608

8852904

2724

1365

1949

2637

1428

2813

84
320

941
1868

2576

2621

704

1236

1916

2744

21811989

749

1356

2141

2301

2064

293
896

1805 2432

2477

6321992

1101

1700

2429

1773

677
2112

1221

1925

2789

1848

101

384
1133

2252

896

1620

2556

2757

2469

845

1484

2301

26212384

357
1088

2189

2957

824
2568

1485

2340

2253

7732432

1349

2085

2981

2168

120

456
1349

2684

1004

1764

2736

2829

1061

1916

2924

429
1304

2621

9322928 1629

2520

2613

989

1781

2805

2708

141

536

1589
1244

2244

1181

2076

509
1544

1172

2109

1109
1941

164

624

1853

1376

2420

1445

2604

597
1808

1304 2285

1373

2469

189

720

2141

1664

2996

1589

2796

693
2096

1592

2861

1517 2661

216

824

2453

1820

1901

797
2408

1748

1829

245

936

2789

2156

2069

909
2744

2084

1997

276
1056

2336

2429

1029 2264

2357

309
11842720

2621

1157

2648

2549

344
1320

2924

1293 2852

2957

381
1464

1437

420
1616

1589

461
1776

1749

504
1944

1917

549
2120

2093596
2304

2277645
2496

2469696
2696

2669749
2904

2877804
861

920
981

1044
1109

1176
12451316138914641541162017011784186919562045213622292324242125202621272428292936

21
96
269

524

861

1280

1781

2364

2792

2789

1608

1605

752

1988

1469

2420

2213

749

1980

1461

2405

2208

224
404

1293

2672

636
920

1256

1644

20842576

2117

2069

1245 2544

677
1748

1364

2285

1973

629

1620

1893

1236 2045

221 396
1269

2624

1224

2504

621 896 1221 1596 2021 2496

2069

2024

669 1724

1952

1349

2261

624
1604

1877

1229
2036

69

224

461

780

1181

1664

2229

2876

2504

2501

1392

2813 1389

2805

608
1172

19162840

1637

1781

605

1164

1901

2816

1629

1776

152

48812532364

1004

1700

2576

2957

1397

2748

269

888
1853

2204

2597

420
1424

605
2096

824
29041077

1364
1685204024292852

2829

2021

1349

2808

813

2472

1653

2789

2004

413

1272

2573

1053

2772

1989

804

2576

2357

1325
1976 2757 149

480
1229

23161376

2708

989

1676

2541

2909

261

864

1805

2528

2141

792

2408

16132724

1949 405

1376

2909

581

2016

1944 789

2784

1029 1301 1605 1941 2309 2709

2712

13042717

408

1256

2540

1037
19562733

797

2552

2333

131619652744

24 104
293

572

941

1400

1949

2588

1748

1757

812
2148

1581 2600

2397

821
2172

1605

2645

2412

236
420

13492792

656
944 1284 1676 2120 2616

2189

2141

1301

2664

717 1844

1448
2429

2093

669 1716

2013

1320

2189

245

444

1421

2936

1364 2784

701

1016

1389

1820

2309

2856

2333

2276

741

1916

2156

1493

2501

684

1764

2061

1341 2216

77

248

509

860

1301

1832

2453

2756

2765

1532

1541

668

1284

2096

1797

1965

67713082141

1821

1980

164

528
1349

2540

1088

1844

2796

15172988

285

944

1973

23362765

440

1496

629

2184

852

1109

1400

1725

2084

24772904

2933

2109

14212964

869

2640

17732997

2136

453

1392

2813

1149

2165

888
2840

2597

1469

2196

173
552

1421
2684

1580

1133
1916 2901

309
1016 2117

2972

2525

932

2832

1893

2301

485 1640

701 2424

2340

957

1253

1589

1965

2381

2837

1556

468

1440

2912

1197

2264

909

2912

2669

1496

2229

29
120

341
668

1101

1640

2285

2052

2037

956
2532

1869

2805

941
2492

1829

2780

284

516
1653

816

1184

1620

2124

2696

2717

2645

1581

861

2228

1736

2909

2501

789

2036

2381

1544

2549

269
4761533

1476

741
1064

1445

1884

2381

2936

2477

2420

821
2108

2396

16612789

764
1956

2301

1509

2504

93
296

605
1020

1541

2168

2901

1836

1821

812
15722576 2181

2373

797

1532

2501

21412348

212 672

1733

1376 2324

1925

381 1248 2597

600 2024

869 3000

1188

1557

1976

2445

2964

2901

1925

1149

2333

2840

573
17601469

2781

1112

1829

2724

197

632

1613

1820

1301

2204

341

1128

2357

2789

1044

2133

2565

525

1784

749

2600

2516

1013

1317

1661

2045

2469

2933

1700

548
1680

1389

2616

1077

1784

2669

36
144

413
812134120002789 2472

2493

1136
2205

1157

2261

320

5641821

876

1256

1704

2220

2804

2933

2861

1749

981
2516

1988

2861

909
23242741

1796

2981

341

620
1989 1896

981

1424

1949

2556

1037

2684

2093 944

2436

2853

1845

117
368

749
1260 1901 2672

2256

2277

992

1908

2661

2925

1013

1964

2717

2960

248
792

2021

1628

2756

2285

429

1416

2957

660

2240

941

1272

1653

2084

2565

2141

1317

2693

693 2120

1757

1364

2261

269 848

2189

2432

1733 2924

485
1584

1464

2973

765
2576

1109

1517

1989

2525

2456

728
2232

1869

1413

2324

45
176509100416612480

1424

2781

1397

2709

416

756
2429

1196

1736

2376

2309

1269
2564

1149

2964

2244

389

684
2213

2120

1061

1520

2061

2684

1197
2429

1104

2820

2181

149 464 941 1580 2381

2864

2837

1280

2484

1253

2412

344
1080

2789

2204

621
2024

980

1421

1944

2549

1877

933 2856

2397

1812

2981

317
1008

2573

2912 2069

549
1808

1688

845
2864

1205

1629

2117

2669

2744

888 2712

2253

1749

2900

56
216629

12442061

1724

1757

476

836
2709

1296

1856

2516

2589

1469

2984

1349

2664

509

9242973

2820

1461

2120

2901

1557

1404

2741

189
584 1181 1980 2981

1580

1613

404 1280 2624

701
2304

1080

1541

2084

2709

2157

1133

2877

2232

437
1368

2789

789
25682388

1245

1805

2469

1188

2309

69
264

773
15322541 2156

2117

620

1124

1776

2576

1901

1709

581

1020

1581

2264

1797

1644

237
728

1469 2460

2012

1973

548
1712

989

1560

2261

2997

1493

2904

509 1608

885 2904

2724

1365

1949

2637

1428

2813

84
320

941
1868

2576

2621

704

1236

1916

2744

2181 1989

749

1356

2141

2301

2064

293
896

18052432

2477

632 1992

1101

1700

2429

1773

677
2112

1221

1925

2789

1848

101

384
1133

2252

896

1620

2556

2757

2469

845

1484

2301

2621 2384

357
1088

2189

2957

824
2568

1485

2340

2253

773 2432

1349

2085

2981

2168

120

456
1349

2684

1004

1764

2736

2829

1061

1916

2924

429
1304

2621

932 29281629

2520

2613

989

1781

2805

2708

141

536

1589
1244

2244

1181

2076

509
1544

1172

2109

1109
1941

164

624

1853

1376

2420

1445

2604

597
1808

13042285

1373

2469

189

720

2141

1664

2996

1589

2796

693
2096

1592

2861

15172661

216

824

2453

1820

1901

797
2408

1748

1829

245

936

2789

2156

2069

909
2744

2084

1997

276
1056

2336

2429

10292264

2357

309
1184 2720

2621

1157

2648

2549

344
1320

2924

12932852

2957

381
1464

1437

420
1616

1589

461
1776

1749

504
1944

1917

549
2120

2093 596
2304

2277 645
2496

2469 696
2696

2669 749
2904

2877 804
861

920
981

1044
1109

1176
1245 1316 1389 1464 1541 1620 1701 1784 1869 1956 2045 2136 2229 2324 2421 2520 2621 2724 2829 2936

[−4, 5, 20, 21]

Definition
A sum-symmetric quadruple is a primitive reduced Descartes quadruple
satisfying 2(a + b + c) − d = d .

2(a + b + c) − d = d =⇒ 2(a + b + c) = 2d =⇒ a + b + c = d
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Definition

A sum-symmetric quadruple is a primitive reduced Descartes quadruple
satisfying 2(a + b + c) − d = d .

2(a + b + c) − d = d =⇒ 2(a + b + c) = 2d =⇒ a + b + c = d
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Definition
A sum-symmetric

quadruple is a primitive reduced Descartes quadruple
satisfying 2(a + b + c) − d = d .

2(a + b + c) − d = d =⇒ 2(a + b + c) = 2d =⇒ a + b + c = d
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Definition
A sum-symmetric quadruple is a primitive reduced Descartes quadruple
satisfying 2(a + b + c) − d = d .

2(a + b + c) − d = d =⇒ 2(a + b + c) = 2d =⇒ a + b + c = d
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Definition
A sum-symmetric quadruple is a primitive reduced Descartes quadruple
satisfying 2(a + b + c) − d = d .

2(a + b + c) − d = d

=⇒ 2(a + b + c) = 2d =⇒ a + b + c = d
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Definition
A sum-symmetric quadruple is a primitive reduced Descartes quadruple
satisfying 2(a + b + c) − d = d .

2(a + b + c) − d = d =⇒ 2(a + b + c) = 2d

=⇒ a + b + c = d
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Definition
A sum-symmetric quadruple is a primitive reduced Descartes quadruple
satisfying 2(a + b + c) − d = d .

2(a + b + c) − d = d =⇒ 2(a + b + c) = 2d =⇒ a + b + c = d
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Definition
A twin-symmetric quadruple is a primitive reduced Descartes quadruple with
c = d or c = b.
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Definition
A twin-symmetric quadruple is a primitive reduced Descartes quadruple with
c = d or c = b.
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Definition
A twin-symmetric quadruple is a primitive reduced Descartes quadruple with
c = d or c = b.
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Definition

A twin-symmetric quadruple is a primitive reduced Descartes quadruple with
c = d or c = b.
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[−12, 25, 25, 28]

Definition
A twin-symmetric quadruple

is a primitive reduced Descartes quadruple with
c = d or c = b.
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Definition
A twin-symmetric quadruple is a primitive reduced Descartes quadruple with
c = d or c = b.
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The bug-eye packing: [−1, 2, 2, 3]
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The bug-eye packing: [−1, 2, 2, 3]
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Symmetric Packings

Proposition

A symmetric packing is either sum-symmetric or twin-symmetric.

Proposition
Only the strip and bug-eye packing are both sum-symmetric and
twin-symmetric.
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Proposition
A symmetric packing is either sum-symmetric or twin-symmetric.

Proposition
Only the strip and bug-eye packing are both sum-symmetric and
twin-symmetric.
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Sum-Symmetric Packings

[−a, b, c, d ] d − c d − b d + a
[−6, 10, 15, 19] 4 9 25
[−12, 21, 28, 37] 9 16 49
[−18, 22, 99, 103] 4 81 121
[−20, 36, 45, 61] 16 25 81
[−21, 30, 70, 79] 9 49 100
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[−20, 36, 45, 61] 16 25 81
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Sum-Symmetric Packings

[−a, b, c, d ] d − c d − b d + a
[−6, 10, 15, 19] 22 32 52

[−12, 21, 28, 37] 32 42 72

[−18, 22, 99, 103] 22 92 112

[−20, 36, 45, 61] 42 52 92

[−21, 30, 70, 79] 32 72 102
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Sum-Symmetric Packings

[−a, b, c, d ] d − c b + a d − b c + a d + a
[−6, 10, 15, 19] 22 32 52

[−12, 21, 28, 37] 32 42 72

[−18, 22, 99, 103] 22 92 112

[−20, 36, 45, 61] 42 52 92
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Sum-Symmetric Packings

[−a, b, c, d ] d − c b + a d − b c + a d + a
[−6, 10, 15, 19] 22 22 32 32 52

[−12, 21, 28, 37] 32 32 42 42 72

[−18, 22, 99, 103] 22 22 92 92 112

[−20, 36, 45, 61] 42 42 52 52 92

[−21, 30, 70, 79] 32 32 72 72 102

Given the factorization of a, we can find the entire quadruple!−(2 · 3)︸ ︷︷ ︸
−6

, 22 + 2 · 3︸ ︷︷ ︸
10

, 32 + 2 · 3︸ ︷︷ ︸
15

, (2 + 3)2 − 2 · 3︸ ︷︷ ︸
19


[
−xy , x2 + xy , y 2 + xy , (x + y)2 − xy

]
[
−xy , x(x + y), y(x + y), (x + y)2 − xy

]
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Sum-Symmetric Packings

[−a, b, c, d ] d − c d − b d + a
[−6, 10, 15, 19] 22 32 52

[−12, 21, 28, 37] 32 42 72

[−18, 22, 99, 103] 22 92 112

[−20, 36, 45, 61] 42 52 92

[−21, 30, 70, 79] 32 72 102

Try with 12 = 6 · 2:[
−xy , x(x + y), y(x + y), (x + y)2 − xy

]
=

[
−2 · 6, 2(2 + 6), 6(2 + 6), (2 + 6)2 − 2 · 6

]
=

[−12, 16, 48, 52] = [−3, 4, 12, 13] (x = 3, y = 1)



Packing
Problems &

Number
Theory

Clyde
Kertzer

Sum-Symmetric Packings

[−a, b, c, d ] d − c d − b d + a
[−6, 10, 15, 19] 22 32 52

[−12, 21, 28, 37] 32 42 72

[−18, 22, 99, 103] 22 92 112

[−20, 36, 45, 61] 42 52 92

[−21, 30, 70, 79] 32 72 102

Try with 12 = 6 · 2:

[
−xy , x(x + y), y(x + y), (x + y)2 − xy

]
=

[
−2 · 6, 2(2 + 6), 6(2 + 6), (2 + 6)2 − 2 · 6

]
=

[−12, 16, 48, 52] = [−3, 4, 12, 13] (x = 3, y = 1)
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Theorem
A sum-symmetric quadruple [a, b, c, d ] is of the form[

−xy , x(x + y), y(x + y), (x + y)2 − xy
]

with gcd(x , y) = 1, and x , y ⩾ 0.
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The Number of Sum-Symmetric Packings

Corollary

A natural number n has 2ω(n)−1 sum-symmetric packings, where ω(n) is the
number of distinct prime divisors of n.

Proof.
Because n = −xy determines the sum-symmetric packing for coprime x and y ,
write n = pe1

1 pe2
2 · · · pek

k , so ω(n) = k. For each prime power we can choose to
put it as a factor of x or y , so there 2k total factor pairs xy but we divide by
two to account for symmetry. Thus, n has 2k/2 = 2k−1 = 2ω(n)−1

sum-symmetric packings.
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Sum-Symmetric packings of 60

Write 60 = 22 · 3 · 5, so 60 has 23−1 = 22 = 4 sum-symmetric packings.
These correspond to the coprime factor pairs (1, 60), (4, 15), (3, 20),

(5, 12). They are

(1, 60) =⇒ [−60, 61, 3660, 3661]
(4, 15) =⇒ [−60, 76, 285, 301]
(3, 20) =⇒ [−60, 69, 460, 469]
(5, 12) =⇒ [−60, 85, 204, 229]
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Packings where one of the numbers is the same:

[−4, 8, 9, 9]
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Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none

−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]

−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]

−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]

−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none

−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]

−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]

−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]

−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none

−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]

−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]

−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]

−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none

−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]

−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

−2 none
−3 [−3, 5, 8, 8]
−4 [−4, 8, 9, 9]
−5 [−5, 7, 18, 18]
−6 none
−7 [−7, 9, 32, 32]
−8 [−8, 12, 25, 25]
−9 [−9, 11, 50, 50]
−10 none
−11 [−11, 13, 72, 72]
−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
−16 [−16, 20, 81, 81]



Packing
Problems &

Number
Theory

Clyde
Kertzer

Twin-Symmetric Packings

Over the summer:

Theorem
All primitive ACPs with c = d are given by[

−x , x + y 2,

(
2x + y 2

2y

)2

,

(
2x + y 2

2y

)2
]

y even[
−x , x + 2y 2, 2

(
x + y 2

2y

)2

, 2
(

x + y 2

2y

)2
]

y odd

Not ideal, not in terms of factorization.
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Improved to:

Theorem
A twin-symmetric quadruple is of the form

[
−xy , xy + 2y 2,

(x + y)2

2 ,
(x + y)2

2

]
x odd, y odd x > y[

−xy , xy + 4y 2,
(x

2 + y
)2

,
(x

2 + y
)2

]
4 | x , x > 2y[

−xy , xy + x2,
(x

2 + y
)2

,
(x

2 + y
)2

]
4 | x , x < 2y

with gcd(x , y) = 1.
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Further improved to:

Theorem
A twin-symmetric quadruple is one of following two forms{[

−xy , xy + 2y 2, 1
2 (x + y)2, 1

2 (x + y)2] x , y odd x > y[
−2xy , 2xy + 4y 2, (x + y)2, (x + y)2] xy even x > y

with gcd(x , y) = 1 and x , y ⩾ 0.

Ex: x = 3, y = 2 :

[−12, 12 + 16, 52, 52] =⇒ [−12, 28, 25, 25]

Why won’t x = 1, y = 3 work? Let’s try:

[−3, 3 + 2(3)2, 52, 52] =⇒ [−12, 48, 25, 25]
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[−12, 48, 25, 25]

=⇒ [−12, 28, 25, 25]
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[−12, 48, 25, 25] =⇒ [−12, 28, 25, 25]



Packing
Problems &

Number
Theory

Clyde
Kertzer

The Number of Twin-symmetric Packings

We define δn as

δn =
{

1 n ≡ 2 mod 4
0 otherwise.

Corollary

A natural number n has (1 − δn) · 2ω(n)−1 twin-symmetric packings where
ω(n) is the number of distinct prime divisors of n.
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Thank You!
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