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Descartes Quadruples

Definition

A Descartes Quadruple is a set of four mutually tangent circles with
disjoint interiors.

We can only have at most one ”inverted” circle!

Theorem of Apollonius

If three circles are mutually tangent, there are two other circles that
are tangent to all three.
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The Descartes Equation

Definition

The curvature of a circle with radius r is defined to be 1/r .

Circle with infinite radius

Descartes Equation

If four mutually tangent circles have curvatures a, b, c , d then

(a+ b + c + d)2 = 2(a2 + b2 + c2 + d2).
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Proof of Descartes Equation

First, we need a trigonometric lemma

Lemma

If α+ β + θ = 2π then

cos2 α+ cos2 β + cos2 θ = 1 + 2 cosα cosβ cos θ.
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Proof of the Lemma

Proof.

cos2 α+cos2 β + cos2 θ =

=
1 + cos 2α

2
+

1 + cos 2β

2
+

1 + cos 2θ

2

=
3

2
+

cos 2α+ cos 2β

2
+

cos(2π − (2α+ 2β))

2

=
3

2
+ cos(α+ β) cos(α− β) +

cos 2(α+ β)

2

=
3

2
+ cos(α+ β) cos(α− β) +

2 cos2(α+ β)− 1

2

= 1 + cos(α+ β) cos(α− β) + cos2(α+ β)

= 1 + (cos(α− β) + cos(α+ β)) cos(2π − θ)

= 1 + 2 cosα cosβ cos θ.
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Proof of the Lemma

A

B
C

βθ

α

Four mutually tangent circles with centers A, B, C , and D.
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Proof of the Descartes Equation

Proof.

Suppose we have four mutually tangent circles with centers A, B, C ,
and D with respective radii rA, rB , rC , and rD . The side lengths of
△ABC are

AB = rA + rB , BC = rB + rC , AC = rA + rC

and the lengths from the centers of circles A, B, C to D are

AD = rA + rD , BD = rB + rD , CD = rC + rD .

Let ∠BDC = α, ∠CDA = β, and ∠ADB = θ. The law of cosines in
△ADB yields

cos θ =
AD2 + BD2 − AB2

2 · AD · BD

=
(rA + rD)

2 + (rB + rD)
2 − (rA + rB)

2

2(rA + rD)(rB + rD)

=
2r2D + 2rD(rA + rB)− 2rArB

2(rA + rD)(rB + rD)

= 1− 2rArB
(rA + rD)(rB + rD)

.
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Proof of the Descartes Equation

Proof.

Similarly, we find in △ADB and △CDA that

cosα = 1− 2rB rC
(rB + rD)(rC + rD)

, cosβ = 1− 2rArC
(rA + rD)(rC + rD)

.

Now replace each radius by it’s respective curvature kA, kB , kC , and
kD and name the associated fraction to each angle λ

cosα = 1− 2k2
D

(kB + kD)(kC + kD)
= 1− λα

cosβ = 1− 2k2
D

(kA + kD)(kC + kD)
= 1− λβ

cos θ = 1− 2k2
D

(kA + kD)(kB + kD)
= 1− λθ.
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Proof of the Descartes Equation

Proof.

By the lemma we have that

(1− λα)
2 + (1− λβ)

2 + (1− λθ)
2 = 1 + 2(1− λα)(1− λβ)(1− λθ)

λ2
α + λ2

β + λ2
θ + 2λαλβλθ = 2(λαλβ + λβλθ + λαλθ)

λα

λβλθ
+

λβ

λαλθ
+

λθ

λαλβ
+ 2 = 2

(
1

λα
+

1

λβ
+

1

λθ

)
.

Substituting back our values for the λs we find

(kA + kD)
2

2k2
D

+
(kB + kD)

2

2k2
D

+
(kC + kD)

2

2k2
D

+ 2 =

2
(kB + kD) (kC + kD)

2k2
D

+ 2
(kA + kD) (kB + kD)

2k2
D

+ 2
(kA + kD) (kB + kD)

2k2
D

.
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λ2
α + λ2

β + λ2
θ + 2λαλβλθ = 2(λαλβ + λβλθ + λαλθ)

λα

λβλθ
+

λβ

λαλθ
+

λθ

λαλβ
+ 2 = 2

(
1

λα
+

1

λβ
+

1

λθ

)
.

Substituting back our values for the λs we find

(kA + kD)
2

2k2
D

+
(kB + kD)

2

2k2
D

+
(kC + kD)

2

2k2
D

+ 2 =

2
(kB + kD) (kC + kD)

2k2
D

+ 2
(kA + kD) (kB + kD)

2k2
D

+ 2
(kA + kD) (kB + kD)

2k2
D
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We multiply through by 2k2
d and simplfy to find that

k2
A + k2

B + k2
C + 2kD(kA + kB + kC ) + 7k2

D

= 6k2
D + 4kD(kA + kB + kC )

+ 2(kAkB + kBkC + kAkC )

k2
A + k2

B + k2
C + k2

D = 2kD(kA + kB + kC )

+ 2(kAkB + kBkC + kAkC )

= (kA + kB + kC + kD)
2

− (k2
A + k2

B + k2
C + k2

D)

2(k2
A + k2

B + k2
C + k2

D) = (kA + kB + kC + kD)
2.
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The Descartes Equation

Corollary

If three mutually tangent circles have curvatures a, b, and c, then the
two circles of Apollonius, d and d ′ have curvatures

d = a+ b + c + 2
√
ab + ac + bc

d ′ = a+ b + c − 2
√
ab + ac + bc

Moreover, d + d ′ = 2(a+ b + c).
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The Descartes Equation

Proof.

First, we solve for d from the Descartes Equation to find that

2
(
a2 + b2 + c2 + d2

)
− (a+ b + c + d)2 = 0

d2 − 2d(a+ b + c) +
(
a2 + b2 + c2 − 2ab − 2bc − 2ac

)
= 0.

The quadratic formula gives

d = (a+ b + c)

±
√

4(a+ b + c)2 − 4 (a2 + b2 + c2 − 2ab − 2bc − 2ac)

2

= a+ b + c ± 2
√
ab + bc + ca.

Thus, there are two options for d . Their sum is 2(a+ b + c).
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The Key Relation

d + d ′ = 2(a+ b + c) =⇒ d ′ = 2(a+ b + c)− d

If a, b, c , d are integers, the rest are also integers!
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[−6, 11, 14, 23] reduces to [−6, 11, 14, 15]



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Apollonian Circle Packings

[−6, 11, 14, 15]
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Symmetric Packings

4
12

13
61

168

325

532

789

1096

1453

1860

2317

1728

1725

1000

2037

997

2029

472

1245

2380

924

1524

2272

1389

469

1237

2365

916
1509

2248

1384

144

261

832

1717

2068

412

597

2040

816

1069

1356

1677

2032

2013
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8051645

1996

432
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1452

2184

1261
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1045

1981

1216
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13171968
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397573
1960
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Definition

A twin-symmetric quadruple is a primitive reduced Descartes
quadruple satisfying a < 0 < b and c = d . These packings will have a
line of symmetry tangent to the two circles with the same curvature.
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A sum-symmetric quadruple is a primitive reduced Descartes
quadruple satisfying 2(a+ b + c)− d = d and a ⩽ 0 ⩽ b < c < d .
These packings have a line of symmetry that is not tangent to any
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The bug-eye packing: [−1, 2, 2, 3]
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The bug-eye packing: [−1, 2, 2, 3]
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Let’s recall the Descartes Equation:

(a+ b + c + d)2 = 2(a2 + b2 + c2 + d2)

[−a, b, c , d ] d − c d − b d + a

[−6, 10, 15, 19] 4 9 25
[−12, 21, 28, 37] 9 16 49
[−18, 22, 99, 103] 4 81 121
[−20, 36, 45, 61] 16 25 81
[−21, 30, 70, 79] 9 49 100



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Sum-Symmetric Packings

Let’s recall the Descartes Equation:

(a+ b + c + d)2 = 2(a2 + b2 + c2 + d2)

[−a, b, c , d ] d − c d − b d + a

[−6, 10, 15, 19] 4 9 25
[−12, 21, 28, 37] 9 16 49
[−18, 22, 99, 103] 4 81 121
[−20, 36, 45, 61] 16 25 81
[−21, 30, 70, 79] 9 49 100



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Sum-Symmetric Packings

Let’s recall the Descartes Equation:

(a+ b + c + d)2 = 2(a2 + b2 + c2 + d2)

[−a, b, c , d ] d − c d − b d + a

[−6, 10, 15, 19] 4 9 25
[−12, 21, 28, 37] 9 16 49
[−18, 22, 99, 103] 4 81 121
[−20, 36, 45, 61] 16 25 81
[−21, 30, 70, 79] 9 49 100



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Sum-Symmetric Packings

Let’s recall the Descartes Equation:

(a+ b + c + d)2 = 2(a2 + b2 + c2 + d2)

[−a, b, c , d ] d − c d − b d + a

[−6, 10, 15, 19]

4 9 25
[−12, 21, 28, 37] 9 16 49
[−18, 22, 99, 103] 4 81 121
[−20, 36, 45, 61] 16 25 81
[−21, 30, 70, 79] 9 49 100



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Sum-Symmetric Packings

Let’s recall the Descartes Equation:

(a+ b + c + d)2 = 2(a2 + b2 + c2 + d2)

[−a, b, c , d ] d − c d − b d + a

[−6, 10, 15, 19] 4 9 25

[−12, 21, 28, 37] 9 16 49
[−18, 22, 99, 103] 4 81 121
[−20, 36, 45, 61] 16 25 81
[−21, 30, 70, 79] 9 49 100



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Sum-Symmetric Packings

Let’s recall the Descartes Equation:

(a+ b + c + d)2 = 2(a2 + b2 + c2 + d2)

[−a, b, c , d ] d − c d − b d + a

[−6, 10, 15, 19] 4 9 25
[−12, 21, 28, 37] 9 16 49

[−18, 22, 99, 103] 4 81 121
[−20, 36, 45, 61] 16 25 81
[−21, 30, 70, 79] 9 49 100



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Sum-Symmetric Packings

Let’s recall the Descartes Equation:

(a+ b + c + d)2 = 2(a2 + b2 + c2 + d2)

[−a, b, c , d ] d − c d − b d + a

[−6, 10, 15, 19] 4 9 25
[−12, 21, 28, 37] 9 16 49
[−18, 22, 99, 103] 4 81 121

[−20, 36, 45, 61] 16 25 81
[−21, 30, 70, 79] 9 49 100



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Sum-Symmetric Packings

Let’s recall the Descartes Equation:

(a+ b + c + d)2 = 2(a2 + b2 + c2 + d2)

[−a, b, c , d ] d − c d − b d + a

[−6, 10, 15, 19] 4 9 25
[−12, 21, 28, 37] 9 16 49
[−18, 22, 99, 103] 4 81 121
[−20, 36, 45, 61] 16 25 81

[−21, 30, 70, 79] 9 49 100



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Sum-Symmetric Packings

Let’s recall the Descartes Equation:

(a+ b + c + d)2 = 2(a2 + b2 + c2 + d2)

[−a, b, c , d ] d − c d − b d + a

[−6, 10, 15, 19] 4 9 25
[−12, 21, 28, 37] 9 16 49
[−18, 22, 99, 103] 4 81 121
[−20, 36, 45, 61] 16 25 81
[−21, 30, 70, 79] 9 49 100



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Sum-Symmetric Packings

[−a, b, c , d ] d − c d − b d + a

[−6, 10, 15, 19] 22 32 52

[−12, 21, 28, 37] 32 42 72

[−18, 22, 99, 103] 22 92 112

[−20, 36, 45, 61] 42 52 92

[−21, 30, 70, 79] 32 72 102
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[−a, b, c , d ] d − c b + a d − b c + a d + a
[−6, 10, 15, 19] 22 32 52

[−12, 21, 28, 37] 32 42 72

[−18, 22, 99, 103] 22 92 112

[−20, 36, 45, 61] 42 52 92
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[−20, 36, 45, 61] 42 42 52 52 92
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Given the factorization of a, we can find the entire quadruple!−(2 · 3)︸ ︷︷ ︸
−6

, 22 + 2 · 3︸ ︷︷ ︸
10

, 32 + 2 · 3︸ ︷︷ ︸
15

, (2 + 3)2 − 2 · 3︸ ︷︷ ︸
19


[
−xy , x2 + xy , y2 + xy , (x + y)2 − xy

]
[
−xy , x(x + y), y(x + y), (x + y)2 − xy

]
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Try with 12 = 6 · 2:[
−xy , x(x + y), y(x + y), (x + y)2 − xy

]
=

[
−2 · 6, 2(2 + 6), 6(2 + 6), (2 + 6)2 − 2 · 6

]
=

[−12, 16, 48, 52] = [−3, 4, 12, 13] (x = 3, y = 1)
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Sum-Symmetric Packing Paramaterization

Theorem

All reduced primitive symmetric quadruples with distinct a, b, c , d are
of the form [

−xy , x(x + y), y(x + y), (x + y)2 − xy
]
.

with gcd(x , y) = 1.
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Proving the Paramaterization

Proposition

The following equalities hold in a sum-symmetric packing [a, b, c , d ].

(i) a+ b = d − c

(ii) d2 = a2 + b2 + c2

(iii) ab + ac + bc = 0

(i) We know that a sum-symmetric packing has the property that

2(a+ b + c)− d = d .

This yields immediately

a+ b + c = d

a+ b = d − c .
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(ii) Plugging part (i) back into the Descartes Equation we find

(a+ b + c + d)2 = 2
(
a2 + b2 + c2 + d2

)
(d − c + c + d)2 = 2a2 + 2b2 + 2c2 + 2d2

4d2 = 2
(
a2 + b2 + c2

)
+ 2d2

d2 = a2 + b2 + c2.

(iii) Use substitutions from parts (i) and (ii) to find

a+ b + c = d

(a+ b + c)2 = a2 + b2 + c2

a2 + b2 + c2 + 2ab + 2ac + 2bc = a2 + b2 + c2

ab + ac + bc = 0
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Proving the Paramaterization

Proof.

Suppose that [a, b, c , d ] is a reduced primitive symmetric quadruple
such that a < 0 < b < c < d . Adding a2 to both sides of Proposition
part (iii) we have

ab + ac + bc = 0

a2 + ab + ac + bc = a2

(a+ b)(a+ c) = a2.

Let g = gcd(a+ b, a+ c) so that a+ b = gx2 and a+ c = gy2 for
some integers x and y . This yields gxy = −a. Now, we have

b = (a+ b) + (−a) = gx2 + gxy

and

c = (a+ c) + (−a) = gy2 + gxy .



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Suppose that [a, b, c , d ] is a reduced primitive symmetric quadruple
such that a < 0 < b < c < d . Adding a2 to both sides of Proposition
part (iii) we have

ab + ac + bc = 0

a2 + ab + ac + bc = a2

(a+ b)(a+ c) = a2.

Let g = gcd(a+ b, a+ c) so that a+ b = gx2 and a+ c = gy2 for
some integers x and y . This yields gxy = −a. Now, we have

b = (a+ b) + (−a) = gx2 + gxy

and

c = (a+ c) + (−a) = gy2 + gxy .



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Suppose that [a, b, c , d ] is a reduced primitive symmetric quadruple
such that a < 0 < b < c < d .

Adding a2 to both sides of Proposition
part (iii) we have

ab + ac + bc = 0

a2 + ab + ac + bc = a2

(a+ b)(a+ c) = a2.

Let g = gcd(a+ b, a+ c) so that a+ b = gx2 and a+ c = gy2 for
some integers x and y . This yields gxy = −a. Now, we have

b = (a+ b) + (−a) = gx2 + gxy

and

c = (a+ c) + (−a) = gy2 + gxy .



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Suppose that [a, b, c , d ] is a reduced primitive symmetric quadruple
such that a < 0 < b < c < d . Adding a2 to both sides of Proposition
part (iii) we have

ab + ac + bc = 0

a2 + ab + ac + bc = a2

(a+ b)(a+ c) = a2.

Let g = gcd(a+ b, a+ c) so that a+ b = gx2 and a+ c = gy2 for
some integers x and y . This yields gxy = −a. Now, we have

b = (a+ b) + (−a) = gx2 + gxy

and

c = (a+ c) + (−a) = gy2 + gxy .



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Suppose that [a, b, c , d ] is a reduced primitive symmetric quadruple
such that a < 0 < b < c < d . Adding a2 to both sides of Proposition
part (iii) we have

ab + ac + bc = 0

a2 + ab + ac + bc = a2

(a+ b)(a+ c) = a2.

Let g = gcd(a+ b, a+ c) so that a+ b = gx2 and a+ c = gy2 for
some integers x and y . This yields gxy = −a. Now, we have

b = (a+ b) + (−a) = gx2 + gxy

and

c = (a+ c) + (−a) = gy2 + gxy .



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Suppose that [a, b, c , d ] is a reduced primitive symmetric quadruple
such that a < 0 < b < c < d . Adding a2 to both sides of Proposition
part (iii) we have

ab + ac + bc = 0

a2 + ab + ac + bc = a2

(a+ b)(a+ c) = a2.

Let g = gcd(a+ b, a+ c)

so that a+ b = gx2 and a+ c = gy2 for
some integers x and y . This yields gxy = −a. Now, we have

b = (a+ b) + (−a) = gx2 + gxy

and

c = (a+ c) + (−a) = gy2 + gxy .



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Suppose that [a, b, c , d ] is a reduced primitive symmetric quadruple
such that a < 0 < b < c < d . Adding a2 to both sides of Proposition
part (iii) we have

ab + ac + bc = 0

a2 + ab + ac + bc = a2

(a+ b)(a+ c) = a2.

Let g = gcd(a+ b, a+ c) so that a+ b = gx2 and a+ c = gy2 for
some integers x and y .

This yields gxy = −a. Now, we have

b = (a+ b) + (−a) = gx2 + gxy

and

c = (a+ c) + (−a) = gy2 + gxy .



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Suppose that [a, b, c , d ] is a reduced primitive symmetric quadruple
such that a < 0 < b < c < d . Adding a2 to both sides of Proposition
part (iii) we have

ab + ac + bc = 0

a2 + ab + ac + bc = a2

(a+ b)(a+ c) = a2.

Let g = gcd(a+ b, a+ c) so that a+ b = gx2 and a+ c = gy2 for
some integers x and y . This yields gxy = −a.

Now, we have

b = (a+ b) + (−a) = gx2 + gxy

and

c = (a+ c) + (−a) = gy2 + gxy .



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Suppose that [a, b, c , d ] is a reduced primitive symmetric quadruple
such that a < 0 < b < c < d . Adding a2 to both sides of Proposition
part (iii) we have

ab + ac + bc = 0

a2 + ab + ac + bc = a2

(a+ b)(a+ c) = a2.

Let g = gcd(a+ b, a+ c) so that a+ b = gx2 and a+ c = gy2 for
some integers x and y . This yields gxy = −a. Now, we have

b = (a+ b) + (−a) = gx2 + gxy

and

c = (a+ c) + (−a) = gy2 + gxy .



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Suppose that [a, b, c , d ] is a reduced primitive symmetric quadruple
such that a < 0 < b < c < d . Adding a2 to both sides of Proposition
part (iii) we have

ab + ac + bc = 0

a2 + ab + ac + bc = a2

(a+ b)(a+ c) = a2.

Let g = gcd(a+ b, a+ c) so that a+ b = gx2 and a+ c = gy2 for
some integers x and y . This yields gxy = −a. Now, we have

b = (a+ b) + (−a) = gx2 + gxy

and

c = (a+ c) + (−a) = gy2 + gxy .



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Using the relation d = a+ b+ c we can substitute what we have just
found to find

d = a+ b + c

= (−gxy) + (gx2 + gxy) + (gy2 + gxy)

= g((x + y)2 − xy).

Thus, we have that

a = −gxy

b = gx(x + y)

c = gy(x + y)

d = g((x + y)2 − xy).
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Proving the Paramaterization

Proof.

Clearly, for the quadruple to be primitive, g must be 1, meaning x
and y are coprime. Thus, we have

a = −xy

b = x(x + y)

c = y(x + y)

d = (x + y)2 − xy .

with gcd(x , y) = 1.



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Clearly, for the quadruple to be primitive, g must be 1, meaning x
and y are coprime.

Thus, we have

a = −xy

b = x(x + y)

c = y(x + y)

d = (x + y)2 − xy .

with gcd(x , y) = 1.



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Proving the Paramaterization

Proof.

Clearly, for the quadruple to be primitive, g must be 1, meaning x
and y are coprime. Thus, we have

a = −xy

b = x(x + y)

c = y(x + y)

d = (x + y)2 − xy .

with gcd(x , y) = 1.



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

The Number of Sum-Symmetric Packings

Definition

We say a positive integer a has a packing if there exists a primitive
reduced Descartes quadruple [−a, b, c , d ].

Natural question: given a positive integer n, what types (and
how many) of packings does it have? For example, the integer 7 has
three packings

[−7, 8, 56, 57], [−7, 12, 17, 20], [−7, 9, 32, 32].
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The Number of Sum-Symmetric Packings

Corollary

A natural number n has 2ω(n)−1 sum-symmetric packings, where
ω(n) is the number of distinct prime divisors of n.

Proof.

Because n = −xy determines the sum-symmetric packing for coprime
x and y , write n = pe11 pe22 · · · pekk , so ω(n) = k. For each prime power
we can choose to put it as a factor of x or y , so there 2k total factor
pairs xy but we divide by two to account for symmetry. Thus, n has
2k/2 = 2k−1 = 2ω(n)−1 sum-symmetric packings.
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Sum-Symmetric packings of 60

Write 30 = 22 · 3 · 5, so 60 has 23−1 = 22 = 4 sum-symmetric
packings.

These correspond to the coprime factor pairs (1, 60), (4, 15),
(3, 20), (5, 12). They are

(1, 60) =⇒ [−60, 61, 3660, 3661]

(4, 15) =⇒ [−60, 76, 285, 301]

(3, 20) =⇒ [−60, 69, 460, 469]

(5, 12) =⇒ [−60, 85, 204, 229]
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(5, 12) =⇒ [−60, 85, 204, 229]
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−2 none
−3 [−3, 5, 8, 8]
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−12 [−12, 16, 49, 49], [−12, 25, 25, 28]
−13 [−13, 15, 98, 98]
−14 none
−15 [−15, 17, 128, 128], [−15, 32, 32, 33]
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Over the summer:

Theorem

All primitive ACPs with c = d are given by[
−x , x + y2,

(
2x + y2

2y

)2

,

(
2x + y2

2y

)2
]

y even[
−x , x + 2y2, 2

(
x + y2

2y

)2

, 2

(
x + y2

2y

)2
]

y odd

Not ideal, not in terms of factorization.



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Twin-Symmetric Packings

Over the summer:

Theorem

All primitive ACPs with c = d are given by[
−x , x + y2,

(
2x + y2

2y

)2

,

(
2x + y2

2y

)2
]

y even[
−x , x + 2y2, 2

(
x + y2

2y

)2

, 2

(
x + y2

2y

)2
]

y odd

Not ideal, not in terms of factorization.



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Twin-Symmetric Packings

Over the summer:

Theorem

All primitive ACPs with c = d are given by[
−x , x + y2,

(
2x + y2

2y

)2

,

(
2x + y2

2y

)2
]

y even[
−x , x + 2y2, 2

(
x + y2

2y

)2

, 2

(
x + y2

2y

)2
]

y odd

Not ideal, not in terms of factorization.



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Twin-Symmetric Packings

Over the summer:

Theorem

All primitive ACPs with c = d are given by[
−x , x + y2,

(
2x + y2

2y

)2

,

(
2x + y2

2y

)2
]

y even[
−x , x + 2y2, 2

(
x + y2

2y

)2

, 2

(
x + y2

2y

)2
]

y odd

Not ideal, not in terms of factorization.



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Twin-Symmetric Packings

Over the summer:

Theorem

All primitive ACPs with c = d are given by[
−x , x + y2,

(
2x + y2

2y

)2

,

(
2x + y2

2y

)2
]

y even[
−x , x + 2y2, 2

(
x + y2

2y

)2

, 2

(
x + y2

2y

)2
]

y odd

Not ideal, not in terms of factorization.



Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Twin-Symmetric Packings

Improved to:

Theorem

A twin-symmetric quadruple is of the form

[
−xy , xy + 2y2,

(x + y)2

2
,
(x + y)2

2

]
x odd, y odd x > y[

−xy , xy + 4y2,
(x
2
+ y

)2

,
(x
2
+ y

)2
]

4 | x , x > 2y[
−xy , xy + x2,

(x
2
+ y

)2

,
(x
2
+ y

)2
]

4 | x , x < 2y

with gcd(x , y) = 1.
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A twin-symmetric quadruple is of the form

[
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Ex: x = 4, y = 3 (3rd case):

[−12, 12 + 16, 52, 52] =⇒ [−12, 28, 25, 25]

Why won’t x = 2, y = 3 work? Let’s try 2nd case:

[−6, 6 + 4(3)2, 42, 42] =⇒ [−6, 42, 16, 16] =⇒ [−3, 21, 8, 8]
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2
+ y

)2
]

4 | x , x > 2y[
−xy , xy + x2,

(x
2
+ y

)2

,
(x
2
+ y

)2
]

4 | x , x < 2y

with gcd(x , y) = 1.

Ex: x = 4, y = 3

(3rd case):

[−12, 12 + 16, 52, 52] =⇒ [−12, 28, 25, 25]

Why won’t x = 2, y = 3 work? Let’s try 2nd case:

[−6, 6 + 4(3)2, 42, 42] =⇒ [−6, 42, 16, 16] =⇒ [−3, 21, 8, 8]
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[−3, 21, 8, 8] =⇒ [−3, 5, 8, 8]
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Apollonian Circle
Packings & Para-
materizations of

Descartes
Quaruples

Clyde Kertzer

Non-symmetric Packings

Current best paramaterization of non-symmetric packings:

Theorem

Given a general pair (x , y) with the criteria

1. x is a sum of two squares

2. y ̸≡ 2 (mod 4)

3. −
(
x − y

2

)2

is a quadratic residue (mod x).

the form is[
−n, n + x , n +

n2 +
(
x−y
2

)2
x

, n +
n2 +

(
x+y
2

)2
x

]

Once again, not ideal. Not in terms of factorization.
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Total Number of Packings

The total packings of n is known:

n

4

∏
p|n

(
1− χ−4(p)

p

)
+ 2ω(n)−δn−1,

where χ−4(n) = (−1)(n−1)/2 for n odd and 0 for even n and
δn = 1 if n ≡ 2 mod 4 and δn = 0 otherwise. (Due to Graham,
Lagarias, Mallows, Wilks, Yan)
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Thank You!
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